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Random mapping patterns may be represented by unlabelled directed graphs in which eacb 
point has out-degree one. We determine the asymptotic behaviour of various parameters associated 
with such graphs, such as the expected number of points belonging to cycles and the expected num- 
ber of components. 

I .  I n t r o d u c t i o n  

Let f denote a function that maps the set N =  {1, 2, ..., n} into itself. The 
function f may be represented by a directed graph D with point-set N and arc-set 
{(i,f(i)): iEN}; such graphs, in which every point has out-degree one, are some- 
times called functional digraphs [4; p. 69]. Two such functions f and g are equivalent 
if there exists a permutation rc of  N such that f(i)=.] if and only if g(n(i))=rr(j) 
for all i6N. An equivalence class of  mapping functions is called a mapping pattern. 
Let p ,  denote the number of  mapping patterns on n points or, equivalently, the 
number of  functional digraphs with n unlabelled points. 

De Bruijn and Klarner [1 ; p. 367] give some historical comments on the papers 
that have dealt with the problem of determining the numbers p , .  In particular, 
Harary [3] applied Pdlya's theorem to obtain a formal expression for the generating 

c o  

function P(x) = 1 + Z p ,  x" in terms of  the generating function T ( x ) = ~ '  t,x", 
1 l 

where t, denotes the number of  rooted trees with n unlabelled points. Read [11] sim- 

plified this expression and found that P(x) = / 7  (i - T(x~))-l;  de Bruijn and Klarner 
1 

[I] gave a combinatiorial derivation of  Read's  relation. 
Our main object here is to determine the asymptotic behaviour of  various 

parameters associated with random mapping patterns and their corresponding graphs. 
In Section 2 we summarize some results that we shall need later; in particular, we 
list some properties of  the function T(x). In Section 3 we determine, asymptotically, 
the number of  mapping patterns whose graphs are connected, These graphs consists 
of  a collection of  rooted directed trees whose roots coincide with the points of  a 
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directed cycle; the arcs of each tree are directed towards the root of  the tree. We also 
determine the expected number of points in tile cycles in such graphs. In Section 
4 we determine the asymptotic behavionr of p, .  We also detelmine the expected 
number of points belonging to cycles and the expected number of components in the 
graphs of random mapping patterns. Finally, in Section 5 we compare these results for 
random mapping patterns with the corresponding results obtained earlier by others 
(see. e.g. [10; §7.1]) for random mapping functions in which the labels of  the points 
are taken into account. 

2. Preliminary results 

We summarize here some results we shall need later. The first part of the follow- 
ing lemma is due to Darboux [2; p. 20]; the second part follows from an extension 
of Darboux's result due to Jungen [8; p. 275]. 

Lemma 1. Suppose the function g(x) = Z g,x" has a non-zero finite radius o f  conver- 
o 

gence o and that x =  o~ is the only singularity on the circle o f  convergence. 
(i) l f  g(x) has an expansion about x = o  o f  the form 

z, (x) = ( o -  x)-S4 (x) + B(x), 

where A(x) and B(x)  are analytic for lx[:~O, A(o)~O and s~0 .  - I ,  - 2  . . . . .  then 

A(~) ~ ...... n~_~q O(o_,,n~_~) 
g" - r(s)  - " 

a s  I1 - ~  o~  

(ii) / f g ( x )  has an expansion about x=  ~2 of  the Jbrm 

g(x) = ( o - x )  -'~ log ( O - x )  + (O-x) -~A (x)+B(x) ,  

where A(x)  and B(x) are analytic for [x]~t2 and s~O, - 1 ,  - 2 ,  ..., then 

l 
_ O - , - s n ~ - l l o g n + O ( o - , t f f - 1 )  

g" r(s)  
a s  i i  ~ ~.~. i 

Otter [14] (see also [4; §9.5]) showed that the generating function T(x) 

= ~  Gx" for the rooted unlabelled trees h,qs radius of convergence ~o=.3383 .... 
1 

that x=~o is the only singularity on the circle of convergence, and that T(x) has an 
expansion about x = 0  of  the form 

(2.1) T ( x )  = 1 - b (0  - x )  ~/' + b2 (0  - x )  + bz (0  - x )  3/2 +.. .  

where b=2.6811 ...; from this he deduced that 

1 
t,, = y b (QIn) ~/'~ o~ - " n - 3 / ~  + 0 ( ~ - "  n -5/2) 

l 
where _3- b ( Q I n ) ~'2 = .  4399 
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The following properties of the function T(x) are straightforward consequen- 
ces of Otter's results. 

Lemma 2. (i) T(x) is analytic for ]x]<=O, x¢Q;  furthermore, rT(x)l<l i f  lxl~=Q. 
x~o~. 
(ii) IT(xJ)l<-T(q s) for Ixl<_-~ and j = 2 , 3  . . . . .  

(iii) T(x J) is analytic .for Ixl<~ */~ and j = 2 ,  3, .... 
(iv) If [xl=<e then IT(x)/xl<=T(o~)/o.=l/a; in particular, T(eJ)<--V ~-~ for j 
=1,2 ,  .... 1 

3. On connected mapping patterns 

If F(x) denotes any power series, let Z{Ck, F(x)} and Z{S,,, F(x)} denote 
the power series obtained by substituting F(x) into the cycle index of the cyclic group 
C k and the symmetric group Sin, respectively. We recall that 

I 
(3.1) Z{Ck, F(x)} = -~. 2 (P (d) (F (xa)) k/a, 

dtk 

where q~ denotes the Euler phi-function, and that 

(3.2) 1 + ~ Z{Sm, F(X)}Z m = exp ~ zmF(xm)/m 
in ~ 1 • 

for any variable z. (For the definition of the cycle index of a permutation group and 
an exposition of the role of cycle-indices in P61ya's enumeration theorem, see, e.g., 
[4; Chap. 2]). 

Let c, denote the number of connected mapping patterns on n points, that is, 
the number of mapping patterns on n points whose graphs are connected; let C(x) 

=~c, ,x"=x+2x2+.. .  denote the generating function for the numbers c,. 
1 

Theorem 1. C(x)-- - ~  7q~(d) log' [1" -T(xa)). 

Proof. We remarked earlier that the graph of a connected mapping pattern consists 
of a collection of rooted unlabelled directed trees whose roots coincide with the 
points of a directed cycle (the arcs of each tree are directed towards the root of the 
tree). Harary [3] observed that it therefore follows immediately from P61ya's theorem 
that the generating function for connected mapping patterns in which the cycle has 
length k is Z{Cu, T(x)} and that, consequently, 

C(x) = z { c k ,  r (x)}. 
1 
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Read[l  1] simplifed this sum by appealing to equation (3.1) and interchanging the 
order of summation; this gives rise to the relation 

c(x)  = ~. --£ Z q,(a)(r(x~)) ~/" 
k = l  dlk 

- -  d = l - - - ' ~ j = l  - - d = l  

Corollary 1.1. e. = o~ -'/2n + O(o~-"n-3/~). 

Proof. For notational convenience we let ~,  {g(x)} denote the coefficient of x" in 
the power series g(x). 

It follows from Lemma 2(i) that the function log ( 1 - T ( x ) )  is analytic for 
Ixl_~o, x ~ ;  around x = ~  it has the expansion 

1 
log (1 - T(x)) = ~- log (Q - x) + log (b - b2 (~o - x) ~/2 --...) 

1 
= -~ log (~ - x) + so + ul ( ~ -  x) x/2 + ~2 ( ~ -  x) +.. .  

for suitable constants s0, ~1, ..., in view of (2.1). Now ¢8,(log ( e - x ) ) = - Q - " / n ,  
and when we apply Lemma 1 (i) to the remaining terms in the expansion we find that 

cg,{_ log (1 - T(x))} = Q-"I2,, + O (e-",-"/-") 

Let e denote an arbitrary fixed positive constant; then there exists a constant K 
such that if Iz l - -1-e  then Ilog (1-z) l~Klz l .  Thus it follows from Lemma 2 (iv) 
that I log (1 - T(x a))l =< K IT(x~)I <= KQd-1 for d = 2, 3, ..., provided that I T(xn)] ~ 1 - ~. 

This implies that the function D(x)=  - ~,  q~(d) log (1 - T(xa))ld converges uniformly 
2 

for Ixl<p+2~7<~lt" for a suitable fixed I1>0; consequently, D(x) is analytic for 
Ixl<~o+2q and, hence, 

~¢. {D (x)} = o ((~ + ,) -") = o (o -"n -"J~). 
Therefore, 

c, = ~e, {C(x)} = ~ , { -  log (1 - r (x))  + D  (x)} 

= ~ o - ' / 2 n + O ( ~ o - " n - a / 2 ) .  II 

Let/~, denote the expected length of the cycle in the graph of a random con- 
nected mapping pattern on n points, where the expectation is over all the c, such 

patterns; let M ( x ) = ~ '  I~,C,X"=X+3X=+... denote the generating function for the 
1 

numbers /1, c,,. 

T h e o r e m  2. M(x)  = ,~ ~o (d) T(x  d) (1 - T(x d) )- a. 
1 
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Proof. Since Z {Q, T(x)} is the generating function for connected mapping patterns 
in which the cycle has length k, it follows from (3.1) that 

M(x)  = ~,  kZ{C,, r(x)} = ~,  Z ~°(d)(T(xa)) kid 
k = l  k : l  dlk 

= ~,  c)(d) ~ (r(x"))J = ~, ~p(d)T(xd)(l--T(xa)) -1. I 
d = l  j = l  d = l  

2 
Corollary 2.1. p. = ~ (n/no) ~/" + 0 (I). 

Proof. It follows from Lemma 2(i) that the function T(x) (1 -T(x) )  -~ is analytic 
for [xl_-<0, xCQ; around x=.o it has the expansion 

l I r I 1 ~ r ( x )  (1 - r ( x ) )  -~ = -g ( 0 -  x ) -  ," =/~o + / ~  (~ - x ) / "  + . . .  

for suitable constants fl,., fla . . . . .  in view of (2.1). Hence. 

1 
(g~n{T(x)(l - T(x)) -1} = "-b- O-"(nOrl)-l/2~-O(o-nn-3/2)" 

by Lemma 2(i). An argument similar to the one applied to the function D(x) in the 

proof of Corollary 1.1 can be used to show that the function V(x)= ~q)(d)T(xd) . 
2 

• ( l - T ( x n ) )  - t  is analytic for Ixi<~+2,1<~/~: for some q>0;  hence 

~,,{V(x)} = o ((4 + 7)-")  = o (Q-" n-~/") 
and, consequently, 

it, c, = ~ {M (x)} = ,~, {r(x)(I - T(x))-a + V(x)} 

1 
= ~ 0 r ~ n ) - m  + O (e-" n-3/~). 

This and Corollaly 1.1 imply the required result. I 

4. On general mapping patterns 

Let P(x)= 1 + ~ p.x" = 1 + x + 3x-'+...,  where p, denotes the total number of 
1 

mapping patterns on n points. The following expression for P(x) in terms of T(x) 
is due to Read [11]. 

Theorem 3. P(x)= ~ (I - T(xJ)) -1. 
1 

Proof. Harary [3] observed that it follows immediately from P61ya's theorem that 

5* 
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the generating function for mapping patterns whose graph has m components is 
Z{Sm, C(x)}; hence, 

(4.1) P ( x ) =  l + ~ Z{S,,,, C(x)} = exp ~ l c ( x  ") 
1 

in view of relation (3.2). Read [11] simplified this by appealing to Theorem 1, in 
effect, and interchanging the order of summation ; this gives rise to the relation 

i ~ ~ (,t) log (i - r(x~,,,))) P(x) = exp(--, ,=l ~ ma_-~ d 

= e x p ( - -  ~ + l o g ( 1 - - T ( x J ) ) . ~ P ( d ) )  = i i ( 1 - T ( x J ) ) - t ,  
. i=l  J dlj j = l  

since ~ <~(d)=.i. 1 
dlj 

For notational convenience let P * ( x ) = [ [ ( l - T ( x J ) )  -~ so that P(x) 
2 

= (1 -- T ( x ) ) -  tp* (x). 

P*(O) o_,(orcn)_ll2+(~_,,n_3/.,.). Corollary 3.1. p,,= b 

Proof. It follows from Lemma 2 (iii) and (iv) that the function P* (x) is analytic for 
lx]<e+r/  for some r/>0. Thus P ( x ) i s  analytic for Ix[<-~o, x#~o; and around 
x = o  it has the expansion 

P (x) -- P* (0) (Q _ x ) -  ~/~ +/io + &t (~ - x) ~/2 +.. .  
b 

for suitable constants /i0, /it, ---. in view of (2.1). Hence 

p ,  = % { P ( x ) }  - P*(~o) o_.(o.~,O_l/.,+O(o_.n_./~)" 
b 

by Lemma 1 (i). 1 

Let r,k denote the number of mapping patterns on n points whose graphs have 

k points belonging to cycles; let R(x,  y ) = l + . , ~ r , k x " y  k. 
1 

Theorem 4. R(x, y ) = #  (1 --yJT(xJ)) - ' .  
1 

Proof. Let Rl(x, y) denote the generating function in which the coefficient of x"y k 
is the number of connected mapping patterns on n points whose graphs contain a 
cycle of k points. It follows by a slight extension of the argument used to prove 
Theorems 1 and 2 that 

z •  q)(d) log (1 -ynT(xa))  Rt(x,.v) = X / ' Z { C k ,  r ( . r ) }  = - - - - U -  
1 
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and that 

g(x, y) = l + 2 z{sm, Rl(x, y)} 
1 

= exp ± R1Cx', y° )  = O-y r(xJ?) -'. ! 
1 m 1 

Let 7. denote the expected number of  points in cycles in the graph of  a ran- 
dom mapping pattern on n points, where the expectation is over the p, such patterns; 

let G(x) = ~ 7 ,P , - f '=  x +  5x 2 + . . .  denote the generating function for the numbers 
1 

7,, P,.  

Corollary 4.1. G(x)  ---- P(x )  7_a]T(xJ)(l - T(xJ)) - l .  
1 

Proof .  This follows upon taking the logarithmic derivative with respect to y of 
both sides of  the relation R ( x , y ) = I I ( l - - y i T ( x ~ ) )  -1, setting y = l ,  and then ap- 
pealing to the formula for P(x)  given in Theorem 3. 1 

1 :/~ 
Corollary 4.2. 7, = ~-- (Tzn/~o) - + O (1). 

Proof. It can be shown, by the same type of  argument that has been used earlier, that 

the function U ( x ) = ~ '  j T ( x J ) ( 1 - T ( x J ) )  -~ is analytic for Ixl<~o+q for some 
2 

q>0.  Thus it follows that the function 

G(x) = P (x ) {T (x ) (1  - T (x))-l-~ - U(x)} 

= P* (x )T(X) (1  - T ( x ) ) - 2 +  p* (x)V(x) T(x)(1 - T(x)) -1 

is analytic for Ix]<-Q, x ~ ;  and around x = ~  it has the expansion 

G(x)  - P-b2 (~) (~ - x) - 1 + z: (~ - x) - 1/2 + ~2 + z3 (Q - x) 1/2 + -,- 

for suitable constants z~, :~, ..., in view of (2.1). Now ~ g , { ( O - x ) - ~ } = O - " - '  and 
when we apply Lemma l(i) to the remaining terms in the expansion we find that 

P*(Q) ~- , -1  +O(o- ,n-1/ , , ) .  7,P. = ~6',{G(x)} - b2 

This and Corollary 3.1 imply the required result. | 

Let h,m denote the number of  random mapping patterns on n points whose 

graphs have m components;  let H(x ,  y ) =  1 + ~ h. , ,x"y  ~'. 
t 

Theorem 5. H(x ,  y) = exp 2 y ' C ( x m ) / m .  
1 

Proof. We saw in the proof  of  Theorem 3 that Z {S,., C(x)} is the generating func- 
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tion for mapping patterns whose graphs have m components. It follows, therefore, 
that 

H(x, y) = 1 + ~ y'Z{S.,, C(x)} = exp .~ ym C(xm)/m, 
1 1 

upon appealing to the definition of H(x, y) and relation (3.2). | 

Let 2. denote the expected number of components in the graph of a random 
mapping pattern on n points, where the expectation is over the p. such patterns; 

let L (x )=  ~ 2,pnxn=x+4x2-t-... denote the generating function for the numbers 
1 

)~,p,. 

Corollary 5.1. L(x)=P(x) ~ '  C(x"). 
1 

Proof• This follows readily upon taking the derivative with respect to y of both sides 
of the formula for H(x, y) in Theorem 5, setting y =  1, and then appealing to rela- 
tion (4.1), II 

1 
Corollary 5.2. 2, =~-  log n+O( l ) .  

Proof. We saw earlier, in the proof of  Corollary 1.1, that g(x)=- log  ( 1 - T ( x ) )  
+D(x) where D(x) is analytic for [x l<0+2r  / for a suitable t/>0. It is not diffi- 

cult to see that the function W ( x ) = 2 C ( x  m) is also analytic for !x]<o+2q, if 
2 

q>0  is small enough. Thus the function 

L (x) = t ' (x ){-  log (1 -- l"(x)) +D (x) + W(x)} 

= - P* (x)(1 - T(x))-I log (1 - r(x)) + P* (x)(D (x) + W (x)) (1 - r(x)) -1 

is analytic for lxI<-0, x#~ ;  and around x = ~  it has the expansion 

L(x)=  P*(o,) (~_x)_l/. , log (Q--x)+vl(o-x) -v" +v=+ 
2b "'" 

for suitable constants vl, v2, ..., in view of (2.1). Hence, 

2, p, = ~,  {L (x)} - P* (Q) ~o-" QrQn) -x/,~ log n + O (0-"n -1/,,) 
2b 

by Lemma 1 (ii). This and Corollary 3.I imply the required result. II 

We remark that the foregoing problems can also be considered for mapping 
patterns with no fixed points, i,e., patterns whose graphs have no cycles of length 1. 

In particular, let Q(x)= 1 q-,~ q,x" denote the generating function for mapping 
1 

patterns with no fixed points; Read [I1] showed that Q(x)=x(T(x)) -1. 

• 1~ (1 - T(xJ)) -~ =xP(x)/T(x). It follows readily from this relation that q, ~ Qp,, 
1 

a S  r/--*- ~ .  
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5. Concluding remarks 

The coefficients in the generating function T ( x ) =  ~ t, x" are bounded above 

by the corresponding coefficients in the generating function 

1 (2n- -2]x  . 1 (1_(1_4x)1/2); 
Y(X) = X n t n _  l ) = "~ 

see [14; p. 590] or [4; p. 209]. This enables one to estimate T(O j) for j = 2 ,  3, ... ; 
the case j = 2  is illustrated in [9; p. 326]. If the product 

e * ( e )  (1  - r ( e J ) ) - ,  
2 

is estimated by the factors corresponding to j = 2 ,  ..., K - 1 ,  the truncation error 
can be estimated from the inequalities 

K K 

< e x p  - 

In this way we find that P*(~o)---1.2241 .... 
It follows from Corollary 3.1 that the number of mapping patterns on n points 

is , ,~( .442. . . )~- 'n  -1/2. Thus the probability that the graph of a random mapping 
pattern on n points is connected is ~(1.128...)n -l/z, by Corollary 1.I. Katz [6] and 
R6nyi [12] have shown that the probability that the graph of a random mapping 

function on n labelled points is connected is ~ (n)~ n-k ~ (7r/2n)l12 = (l. 125...) n-a/~. 
1 

The expected length of the cycle in the graph of a random connected mapping 
pattern on n points is ~(.723...)n 1/2 by Corollary 2.1. R6nyi [12] has shown that 
the corresponding expectation for the graph of a random connected mapping func- 
tion on n labelled points is ~(.797...)nl/2; in fact, the expected length of the cycle 
equals the reciprocal of the probability that the graph of a random mapping function 
is connected. 

The expected number of points in cycles in the graph of a random mapping pat- 
tern on n points is ,~ (1.136...)n a/2, by Corollary 4.2. It follows from a result proved 
by Harris [5] and Riordan [13] that the corresponding expectation for the graph of a 
random mapping function on n labelled points is (1.125...)n~/"; in fact, the expected 
number of points in cycles equals n times the probability that the graph of a random 
mapping function is connected. 

The expected number of components in the graph of a random mapping pat- 
tern on n points is ~ ~ logn, by Corollary 5.2. Kruskal [7] (see also Riordan [13]) 
has shown that the corresponding expectation for the graph of a random mapping 
function on n labelled points is also --~ ½ log n. 
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Note added in in proof. One of  the referees has poin ted  out  that  addi t ional  
results on r andom mapping  funct ions on labelled point-sets  are conta ined in V. 
Stepanov,  Limit  distr ibutions of  certain characterist ics o f  r andom mappings,  Theory  
Probabi l i ty  Appl . ,  14 (1969), 6 1 2 - - 6 2 6  and Yu. L. Pavlov,  Limit  distr ibutions o f  
certain characterist ics o f  r andom mappings,  Theory  Probabi l i ty  Appl. ,  26 (1981), 
829--834.  
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